Abstract: We construct a model of natural inflation in the context of α-attractor supergravity, in which both the dilaton field and the axion field are light during inflation, and the inflaton may be a combination of the two. The T-model version of this theory is defined on the Poincaré disk with radius |Z| = 1. It describes a Mexican hat potential with the flat axion direction corresponding to a circle of radius |Z| < 1. The axion decay constant f a in this theory can be exponentially large because of the hyperbolic geometry of the Poincaré disk. Depending on initial conditions, this model may describe α-attractor inflation driven by the radial component of the inflaton field, natural inflation driven by the axion field, or a sequence of these two regimes. We also construct the E-model version of this theory, which have similar properties. In addition, we describe generalized α-attractor models where the potential can be singular at the boundary of the moduli space, and show that they can provide a simple solution for the problem of initial conditions for the models with plateau potentials.
Introduction
In this paper we will continue our investigation of multifield α-attractors following the earlier work [1] . Cosmological α-attractors form a broad recently discovered class of inflationary models [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . These models give nearly model-independent cosmological predictions n s ≈ 1 − 2 N , r ≈ 12α N 2 , providing a very good match to the recent observational data [12, 13] .
These models are most naturally formulated in terms of the theory of scalar fields with hyperbolic geometry [8] [9] [10] . For example, in the simplest supergravity embedding of these models, the potential depends on the complex scalar Z = |Z| e iθ , where Z belongs to the Poincaré disk with |Z| < 1, and the kinetic terms are
In many versions of these models, the field θ is heavy and stabilized at θ = 0, so that the inflationary trajectory corresponds to the evolution of the single real field Z =Z. This field is not canonically normalized, but one can easily express everything in terms of the canonically normalized field ϕ, where
Then the potential of the inflaton field V (Z,Z) along the inflaton direction can be represented as
Since tanh ϕ √ 6α
→ ±1 in the limit ϕ → ±∞ (corresponding to Z → ±1), inflationary predictions are mainly determined by the behavior of V (Z,Z) at the boundary of the moduli space |Z| → 1. This explains the stability of these predictions with respect to modifications of the original potential V (Z,Z) everywhere outside a small vicinity of the points Z = ±1.
However, there is another class of models, where the field θ is not stabilized and may remain light during the cosmological evolution. A particularly interesting case is α = 1/3, which has a fundamental origin from maximal N = 4 superconformal symmetry and from maximal N = 8 supergravity [8] . For α = 1/3, a class of supergravity embeddings are known to possess an unbroken or slightly broken U (1) symmetry, which makes both ϕ and θ light [1, 8] . In that case, the inflationary evolution may involve both fields, which would require taking into account the multi-field effects, as discussed in [14] [15] [16] [17] [18] [19] [20] [21] . However, in contrast with the naive expectation, the cosmological predictions of the simplest class of such models are very stable not only with respect to modifications of the potential of the field |Z|, but also with respect to strong modifications of the potential of the field θ [1] . The predictions coincide with those of the single-field α-attractors: n s ≈ 1 − 2 N , r ≈ 12α N 2 . Thus, this class of models exhibits double-attractor behavior, providing universal cosmological predictions, which are stable with respect to strong modifications of the potential V (Z,Z). Other closely related investigations can be found in [22, 23] .
This result is valid for all models with hyperbolic geometry (1.1) and an unbroken or slightly broken U (1) symmetry, for any α O(1) [1] . In supergravity such models were known only for α = 1/3, but recently such models were constructed for all α < 1 [24] , so now we have a broad class of supergravity models with the double attractor behavior found in [1] .
In this paper, we will further generalize this construction. In the models considered in [1] , we had only one stage of inflation, which ended at ϕ = 0. Instead of that, we will consider Mexican hat potentials V (ϕ, θ) with a pseudo-Goldstone direction along the minimum with respect to the field ϕ, see Figs. 1, 2. In such models the first stage of α-attractor inflation driven by the field ϕ can be followed by a subsequent stage of inflation driven by the field θ, as in the natural inflation scenario [25] . This leads to a novel realization of the natural inflation scenario in supergravity.
Natural inflation is already in tension with the latest CMB data, except possibly for super-Planckian values of the axion decay constant, which are difficult (if not impossible) to achieve in string theory [26, 27] . A number of extensions of natural inflation have tried to address this problem in different ways [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . Here, the hyperbolic field metric results in an effective axion decay constant that is very different from the naive one. Our construction is embedded in N = 1 supergravity, but whether it admits an embedding in string theory remains an open question here as much as for other extensions of natural inflation. We will not discuss this question in our paper, trying to solve one problem at a time.
Indeed, theoretical problems with natural inflation appear already at the level of supergravity. Historically, one could always postulate the periodic potential required for natural inflation [25] . But it was very difficult to stabilize the inflaton direction in supergravitybased versions of natural inflation. This problem was solved only few years ago [39] (see also [40, 41] ). However, in all natural inflation models in supergravity constructed in [39] , the inflaton field was different from the angular direction θ in the Mexican hat potential as originally proposed back in [25] . This problem, which remained unsolved since 1990, will be solved in our paper.
However, as we will discuss in the end of the paper, embedding of natural inflation in the theory of α-attractors does not remove the tension between natural inflation and the latest observational data. Moreover, adding a stage of natural inflation after the stage of inflation driven by α-attractors tends to decrease the predicted value of n s . From this perspective, inflationary models where the last 60 e-foldings of inflation are driven by α-attractors, without an additional stage of natural inflation, seem to provide a better fit to the existing observational data [12, 13] .
2 U(1)-symmetric potentials for α-attractors in supergravity: T-models in disk variables Z There are two different ways to obtain U (1) symmetric potentials for α attractors in supergravity. The simplest one is to consider models with α = 1/3 with the Kähler potential and superpotential
where S is a nilpotent field and f (Z) is a real holomorphic function. In these models, the potential V (Z,Z) = |f (Z)| 2 . For the simplest functions f (Z) = Z n , we find θ-independent
). However, for more complicated functions, such as 1 − Z 2 , which we may need to reproduce the natural inflation potential, the U (1) symmetry of the potential is strongly broken. Therefore it is essential for us to use the novel method developed in [1] for α = 1/3 and generalized in for all α < 1 [24] . For a detailed discussion of this construction we refer the readers to the original papers where this formalism was developed [1, 24] , and also to the closely related works [11, 42] . Here is a short summary of the results required for our work.
Following [24] , we will consider supergravity with the Kähler potential and superpotential
The function G SS is given by
In this setting, the inflaton potential is given by V (Z,Z), where V (Z,Z) is an arbitrary real function of Z andZ.
This formulation is valid for any α < 1. For the special case α = 1/3, it coincides with the formulation given in [1] . A detailed explanation of notations and basic principles of this general approach to inflation in supergravity can be found in [11] . In our paper, we will focus on constructing specific potentials V (Z,Z) suitable for implementation of natural inflation in this context.
The kinetic term, which plays important role in this scenario , is given by
Importantly, for all functions V depending only on the product ZZ, the potential is U (1) invariant, i.e. it does not depend on the angular variable θ. That is exactly what we need as a first step towards the theory of natural inflation: a potential with a flat Goldstone direction.
To give a particular example, we will begin with the Higgs-type potential
with |Z| < 1. In terms of ϕ and θ, the potential is given by
One may call it "hyperhiggs" potential. It has a θ-independent minimum at
which is shown as a red circle in Fig. 1 .
3 Natural inflation in disk variables: T-models with a Mexican hat potential
As a next step, we will introduce a small term breaking the U (1) symmetry. Here again one can use several different methods. For example, one can add a term proportional to Z to the superpotential in (2.2). One can show that this leads to the natural inflation potential.
Instead of that, we will use a simpler phenomenological method, which we already used in [1] : We will add to the hyperhiggs potential (2.5) a small term containing a sum Z n +Z n , which breaks the U (1) symmetry.
More specifically, one may consider the following potential on the unit disk as a toy model for natural inflation
with c < 1 and 0 < A 1. In terms of ϕ and θ, the potential is given by
The term breaking the rotational symmetry was chosen so that for A > 0 it is positive and monotonically grows with ϕ everywhere except θ = (2k+1)π n , where k, n are integers, and n > 1. The shape of this potential is shown in Fig. 2 for A 1 and n = 1, 2 and 8. The natural inflation potential (3.2) with one, two, and eight minima (shown by red) along the pseudo-Goldstone (axion) direction.
If A is sufficiently small, and 1−c 1, the potential has a flat direction at tanh
= c, with a periodic potential
Naively, one could expect that the circumference of the circle with any particular value of the field ϕ is given by L = 2πϕ. However, because of the hyperbolic geometry reflected in the kinetic term (2.4), the circumference of the red circle shown in Fig. 1 in terms of the canonically normalized angular field is greater by the factor 3α 2 sinh 2 3α ϕ . Using equation (2.7), one finds that the circumference of the red circle is given by
Thus for 1 − c 1 one finds the potential where the length of the Goldstone direction is extremely large. This is the key feature of similar potentials to be considered in this paper, which allows to implement natural inflation scenario in this context.
Usually one represents the length of the circle as L = 2πf a , where f a is the axion decay constant. However, the possibility to implement the natural inflation scenario depends not on the full length of the circle, but on the distance between the two nearby minima,
Therefore in this paper we will use an alternative definition of the axion decay constant, such that L n = 2πf a , where
Natural inflation requires that the absolute value of the mass squared of the field θ at its maximum at θ = 0 should be smaller than its height. This implies that natural inflation may occur only for f a > 1/2. To give a particular example, this condition can be met for α = 1/3, 0.5 c < 1.
Natural inflation in half-plane variables: E-models
Following [24] , we will use the Kähler potential and superpotential 1
Here
and T is the half-plane variable, T = e
ϕ + iθ, where ϕ is a canonically normalized inflaton field. The kinetic term is given by
The kinetic coefficient of θ plays an important role as in the T-model case. As a starting point, we will consider a potential
c 2
(ϕ−c) 2
This is an E-model α-attractor potential with respect to the field ϕ, which has a flat axion direction at ϕ = c, see Fig. 3 .
To describe natural inflation, one may add to (4.4) a term 4V 0 A cosh
. The resulting potential shown in see Fig. 4 is given by
At large ϕ, the last term in this expression coincides with the last term in (3.2).
This potential is periodic in θ, with the period 2π n , as in the T-models considered earlier. The physical distance between the two nearby minima of the periodic potential is given by
c . We define the decay constant as
c ,
and at ϕ = c, the canonically normalized axionθ has the potential
Equations of motions and the slow-roll regime
Inflation in this model consists of two stages. First, the field ϕ rolls down from its large values, whereas the field θ remains nearly constant, in accordance with [1] . Then when the field comes close to the minimum, the field θ begins to evolve, and a stage of natural inflation may occur. The details of the process depend on initial conditions and on the parameters of the model. We performed a full analytical and numerical analysis for the models discussed in the present paper. Fortunately, the main conclusions can be understood using the simple arguments following [1] , which we present in this section.
Here we begin with the action of the scalar field Z in T-models
where we have used the parametrization Z = e iθ tanh ϕ √ 6α
. The equations of motion for the homogeneous fields ϕ and θ in this theory look as follows:
where we have used the flat FLRW metric g µν = diag(−1, a 2 (t), a 2 (t), a 2 (t)), H ≡ȧ/a and the dot denotes a time derivative.
We will study the evolution of the fields during inflation at asymptotically large ϕ, where the terms
ϕ and V ϕ in the right hand sides of these equations are exponentially small. An investigation of the combined evolution of the fields ϕ and θ in this case shows that if the evolution begins at sufficiently large values of the field ϕ in the region with V > 0, then after a short period of relaxation, the fields approach a slow roll regime where the kinetic energy of both fields is much smaller than V . Under this assumption, one can neglect the first and the third terms in equation (5.3) and the first term in equation (5.2). Tak ϕ at ϕ √ α, one can represent equations for the fields θ and ϕ in the slow roll approximation as follows:
where
Using the last of these two equations, the first one can be simplified:
Note that in the α-attractor scenario the potential V is a function of tanh
, which behaves as 1 − 2e
ϕ at large ϕ. As a result, its derivative V ϕ is suppressed by the factor e ϕ . Consider for example the theory (3.2). In this model, at ϕ √ α, one has
ϕ , up to some factors depending on A, c, and θ. Therefore the second term in (5.6) is suppressed by an extra factor e
ϕ as compared to V ϕ , so it can be neglected, and one can write the last equation at large ϕ as follows:
Comparing (5.5) and (5.7) one finds that during the early stage of inflation the value ofθ is suppressed by the exponentially small factor e
ϕ with respect toφ. In other words, in the regime ϕ 3α 2 , the field evolution is almost straight in the radial direction, i.e. it can be "rolling on the ridge", despite of the angular dependence of the potential [1] .
An analogous result is valid for inflation in multi-field E-models. The action of the scalar fields is
The equations of motion for the homogeneous fields ϕ and θ arë ϕ with respect toφ. Therefore the field evolution in E-models with θ-dependence also shows the "rolling on the ridge" behavior at ϕ √ α. This fact is responsible for the main result derived in [1] for T-models: general inflationary predictions of the new class of models coincide with general predictions of single field α-attractors for large number of e-foldings N :
The analysis performed above shows that the same conclusion should be valid for E-models as well.
For a better understanding of this result, one should take into account that in the simplest α-attractor models the exponential suppression factor described above is given by 14) where N is the number of remaining e-foldings of inflation at the time when the inflaton field is given by ϕ. For example, for α = 1/3 and N ∼ 55, this suppression factor is about 2 × 10 −3 , which explains why the field θ practically does not move at the early stages of inflation.
However, one can always construct models where some of the assumptions of our analysis are not satisfied. This may happen, in particular, in the models where inflation in the α-attractor regime driven by the field ϕ is followed by another stage of inflation, such as the natural inflation scenario driven by the angular component of the inflaton field. We will discuss this possibility now.
Phenomenology
In this section we describe the phenomenology of our toy models for natural inflation. The phenomenology of natural inflation in the E-model is very similar to that of the U (1) symmetric T-model, and our results are phrased in such a way that they apply to both.
Let us first study the simplest U (1) symmetric models with A = 0. In that case, after a long stage of inflation, the value ofθ vanishes, and inflation is driven by the field ϕ 2 . After the end of inflation, the field ϕ falls to the minimum of its potential (the Goldstone valley with respect to the field θ), and oscillates there, which leads to reheating. In that case, the observational predictions of inflation coincide with the prediction of the single field α-attractors, despite the existence of the massless particles θ produced by reheating.
Clearly, for sufficiently small values of A these conclusions will remain valid, unless the stage of α-attractor inflation driven by the field ϕ is followed by another stage of inflation involving the field θ. For example, after the stage of oscillations, the field ϕ may settle near the minimum of its potential, but the field θ may be away from its minimum. Then the field θ will start moving, driving a stage of natural inflation in the potential (3.3), (4.8).
As we already mentioned, natural inflation is possible only for f a > 1/2. Thus for sufficiently small A and f a < 1/2 we have only one stage of inflation. It is driven by the field φ and leads to the universal predictions
Meanwhile for f a 1, the α-attractor regime can be followed by the stage of natural inflation. In that case, the results depend on the duration of this stage. If this stage is longer than N ∼ 55 e-foldings, all observational predictions will be determined by the stage of natural inflation, and the first stage driven by the field ϕ will be forgotten. As we will show in the Appendix, this regime occurs for f a √ N /π ∼ 3. In that case, if we start with a typical initial value of θ in the range |θ| ∼ π, the stage of natural inflation will last more than N ∼ 55 e-foldings. Thus we have found a rather non-trivial realization of natural inflation in the new context provided by the theory of α-attractors. The latest observational data do not offer much support to natural inflation as compared to the simplest α-attractor models, but more data are needed to reach a definite conclusion [12, 13] .
Finally, there is an intermediate regime 1/2
f a √ N /π ∼ 3, where the duration of natural inflation typically is smaller than N ∼ 55 e-foldings. In this regime, the large scale CMB anisotropy will be described by the universal α-attractor results 6.1. However, in these results instead of the full number N ∼ 55 one should use N α = N total − N natural , where N total ∼ 55, and N natural is the total number of e-foldings during the stage of natural inflation. Unless N α N natural , the corresponding predictions will lead to unacceptably small values of n s .
From this perspective, more complicated models studied in this paper do not offer any advantages as compared to the simplest α-attractor models. Nevertheless, we believe that it is important that natural inflation is indeed possible in a broad class of models based on supergravity, including the T-models with the Mexican hat potentials. Moreover, as we will explain in the next section, the new methods of inflationary model construction described above may be helpful for development of a more general class of inflationary models.
Multifield evolution for large A
In the analysis of phenomenology, we studies only the small A case. In the situations where the amplitude A of the modulations of the potential is large, the inflationary evolution can be quite complicated. One of the examples is shown in Fig. 5 . We considered the theory (4.5) with α = 1/3, A = 1 and c = −3, and plotted the height of the potential in units of V 0 . Note that the minimum of the potential is at ϕ = −3. ϕ in its equations of motion suppressing its evolution. However, when the field ϕ decreases, the factor e ϕ decreases, and the field θ rapidly falls down. Because of the interaction between the derivatives of ϕ and θ in the equations of motion of these fields, the field ϕ moves back a bit. This unusual effect is similar to the behavior found in a closely related context in [23, 43] . When the field θ reaches the minimum of its potential at θ = π, a new stage of inflation driven by the field ϕ begins. If this stage is long enough (as is the case for the model described here), the observational data will be determined by this last stage of α-attractor inflation.
On the other hand, if we take the same potential with c = +3, the first stage of α-attractor inflation will continue for a long time, until the field ϕ falls down to its minimum at ϕ = c, and then the new stage of inflation begins, which will be driven by the field θ with the natural inflation potential, see Fig. 6 . 
Models with a finite plateau
Until now we studies the standard α-attractor models with nonsingular potentials in terms of the original geometric variables. However, one of the way to describe the E-models such as the Starobinsky model is to start with a T-model and assume that the original potential is singular in one of the two directions [8] . Let us see what may happen in the context of the U (1)-symmetric models discussed in this paper.
As an example, consider the T-model scenario discussed in Section 2, with
If the parameter A is very small, the last term is important only in the vicinity of the singularity. The potential in terms of the inflaton field ϕ looks as follows:
This function looks strikingly similar to some of the potentials studied in the previous sections, and yet it is very much different, see Fig. 7 . At the first glance, this potential looks like a good candidate for the role of a potential supporting hyperinflation [44] . A preliminary investigation of this issue indicates that it does not satisfy the required conditions formulated in [45] , though one might achieve this goal by modifying the nature of the singularity of the potential.
However, the structure of the potential (8.2) suggests another interesting possibility. At large ϕ this potential has asymptotic behavior
ϕ .
Cosmological evolution in such potentials is well known [46] :
For α = 1/3 we have a regime with a ∼ t, exactly at the boundary between the accelerated and decelerated expansion of the universe. In that case, the energy of the homogeneous component of the scalar field decreases as a −2 , i.e. much more slowly than the energy of dust ∼ a −3 and of the relativistic gas ∼ a −4 . This makes the solution of the problem of initial conditions proposed in [47, 48] much simpler: If initially the energy of the homogeneous field was comparable to other types of energy, then in an expanding universe it gradually starts to dominate. Meanwhile for α > 1/3 the power-law solution (8.4) describes inflation. It may begin already at the Planck density, which solves the problem of initial conditions in this class of models along the lines of [49] .
For α = 1/3, this potential provides the power-law expansion with a(t) ∼ t, exactly at the boundary between the accelerated and decelerated expansion of the universe. In this regime, the energy density of the universe decreases as 1/a 2 , similar to what happens in the open universe scenario. This regime is very helpful for solving the problem of initial conditions for the subsequent stage of inflation supported by the plateau potential [47, 48, 50] . Meanwhile for any value α > 1/3 one can have inflation starting at the Planck density, which immediately solves the problem of initial conditions for inflation in this scenario [50] .
Similar conclusions are valid not only for T-models, but also for E-models with singular potentials, or for the single-field α-attractors with singular potentials [50] . In particular, if one adds to the E-model potential (4.4) a term ∼ (T +T ) −1 , which is singular at T → 0, the potential will also acquire an exponentially growing correction ∼ e 2 3α
ϕ , just as in the T-model discussed above.
Note that the possibility to have inflation at asymptotically large values of the fields in such models does depend on α and on the behavior of the potential near the singularity. For example for the T-models with the singularity (1 − ZZ) n , the inflationary regime at the asymptotically large ϕ is possible for α > n/3.
The scenario outlined above may have non-trivial observational implications. The amplitude of scalar perturbations A s in the slow-roll approximation is given by
In the theory without the singular term (i.e. with A = 0), the amplitude grows monotonically at large ϕ since V approaches a plateau and V decreases. Meanwhile in the theory with the potential (8.2), the value of V exponentially decreases, and therefore A s (ϕ) reaches a maximum and then falls down exponentially at large φ. This effect suppress the large wavelength amplitude of inflationary perturbations. If the transition between the two inflationary regimes is sufficiently sharp (which depends on α and the nature of the singularity of the potential) and corresponds to N ∼ 55, this effect may help to suppress the low-CMB anisotropy [51, 52] .
Other two-field attractors
Finally, we should mention a more general class of models which can be constructed by our methods: Instead of the term 4A cosh
, one can add to (4.4) an arbitrary function f 
In particular, for f = − m 2 8 (T −T ) 2 one has a combination of the E-model α-attractor potential and a quadratic potential,
(ϕ−c) 2 2) and for f = − m 2
one has a "monodromy" potential [53, 54] shown in Fig. 8 .
(ϕ−c) 2 Figure 8 : An example of the α-attractor monodromy potential (9.3).
Thus one can find a large class of consistent inflationary models without making a requirement that the axion field θ must be strongly stabilized during inflation.
Conclusions
In this paper we have shown how to realize U (1) symmetry breaking and shift symmetric potentials in the framework of α-attractors. This might lead to a novel realization of natural inflation in supergravity, in a similar way as originally proposed in [25] through non-perturbative instanton corrections.
To illustrate the phenomenology of these models of natural inflation, we consider a concrete example of a Higgs-type potential with a circular minimum at radius |Z| = c, together with sinusoidal corrections of amplitude A and n minima.
If we take a simple and natural value of 0 < c < 1, not too close to 1, we recover the results we found in [1] . We find universal predictions fairly insensitive to modifications of the potential. This regime could be interesting for applications such as suppression of isocurvature perturbations in the axion dark mater [24, [55] [56] [57] [58] .
If we fine-tune 1 − c 2 1, the circumference of the valley and the axion decay constant f a become very large because of the hyperbolic geometry. This opens up the possibility of inflation that proceeds in two stages. For example, inflation may start in the α-attractors regime. Then, after the fields have reached the valley of the Higgs potential, the stage of natural inflation may begin.
For naturally small values of A we find the following generic behavior.
• If f a √ N , starting with a random initial angle we typically find the predictions of natural inflation with a large effective decay constant
Here N is the number of efolds before the end of inflation where the observable scales cross the horizon.
• If
f a √ N or if we happen to start close to one of the minima, we will find the α-attractor predictions with a reduced number of efolds 2) where N II is determined by the initial angle. These predictions are shifted left upwards in the (n s , r) plane with respect to the predictions of α-attractor.
• In the simplest case f a 1 2 natural inflation does not occur, and the predictions coincide with the standard α-attractor predictions
Our results extend to any potential with a flat minimum well in the α-attractor regime, and any type of small angular correction breaking the shift symmetry. In particular, we find exactly the same predictions for natural inflation in the E-models.
The cosmological evolution in the models with very large A sometimes involves a more complicated behavior. However, in all cases where the last 50-60 e-foldings of inflation occur in the α-attractor regime, the cosmological predictions are quite stable with respect to modifications of the inflaton potential and coincide with the universal single-field α-attractor predictions (10.3), in agreement with the general conclusions of [1] .
The new class of models discussed in this paper allow various generalizations. In particular, in Section 8 we described a new class of models, where the potentials contain small terms which become singular at the boundary of the moduli space. Such models allow to describe α-attractors with potentials having a plateau of a finite size. We found that in certain cases the exponentially rising potentials at asymptotically large values of the field ϕ can support inflation all the way up to the Planck density, which provides a simple solution to the problem of initial conditions for inflation in such models [50] .
potential. Using the results of [1] , we know the system behaves effectively like the single field alpha attractor. We outlined the derivation of this result in Section 5. Consequently we enter a second stage of natural inflation in the bottom of the Higgs potential.
The value of the effective axion decay constant f a determines the phenomenology of these family of models. To see this, the phenomenologically distinct regimes we are interested in are:
1. The natural inflation potential allows for slow roll inflation to happen: η θ 1 at the top of the hill of the angular potential at the minimum of the Higgs potential.
Natural inflation is possible for f a 1/2.
2. The stretching of the angular potential is large enough to allow for a quadratic expansion about the origin of the natural inflation potential in the observable range of scales:
with N ∼ 60 the number of efolds before the end of inflation where the observable modes cross the horizon.
3. The probability to have N > 60 e-folds of natural inflation starting with a random initial angle is close to 1 (assuming the quadratic expansion around the minima holds true):
This leads to
with 2πc/n the distance between the minima. Therefore in order to have P close to 1 we need the second contribution to be negligible f a √ N π . This is automatically satisfied, since we already assumed the quadratic approximation. Therefore, for small enough A, the behavior of our system is very simple and splits in three regimes determined by the value of f a . It can be summarized as follows.
• If there is no axion potential or if f a 1 2 we recover the universal predictions of α attractors (6.1), as shown in our previous paper
• If f a √ N , we would generically expect to have sufficient efolds in the valley of the potential where natural inflation takes place. We get the same predictions as natural inflation with an large effective axion decay constant, which coincide with those of chaotic inflation
• If f a takes values in between, we most likely have not sufficient number of efolds in the regime of natural inflation. Therefore the predictions for the large-scale perturbations are the same as for the α-attractor predictions, but with a reduced number of e-folds.
If we denote N II as the number of e-folds in the natural inflation potential, we find
(11.5)
This means that the predictions move left upwards in the (n s , r)-plane with respect to the α-attractor predictions. The initial value of the axion θ * determines the duration N II of the second stage of inflation. The precise dependence can be computed by using the slow roll approximation of natural inflation: N II (θ * ) = −f 2 a log 1−cos(nθ * ) 2
.
Some comments are in order. When the field reaches the valley of the Higgs potential, we may end inflation for a short while. This is more likely to happen if A is really small, because its value determines the Hubble friction, which may or may not prevent inflation to end. We have checked numerically using methods of [59] that it does not affect the initial value of θ when natural inflation starts. Moreover, the field will oscillate strongly for a short amount of time. For fine-tuned initial conditions this might happen exactly during the observable regime and it will leave features in the spectra of perturbations [60, 61] . In this case the predictions become model dependent, and we cannot make definite statements.
12 Appendix B: Other ways to generate natural inflation potentials By using the methods described in this paper as well as in [1, 24] one can construct a very broad class of potentials, including the potentials of natural inflation with a weakly broken U (1) symmetry, as well as the models where this symmetry is completely absent. Indeed, any potential V (ZZ) or V (T +T ) is U (1)-symmetric, but our approach is equally valid for general potentials V (Z,Z) or V (T,T ) without any U (1) symmetry. Therefore one could construct the potentials of natural inflation with weakly broken U (1) symmetry without modifying any parts of our construction but the potential V .
Other methods can also be used to reach a similar goal. For example, one may start with a U (1)-symmetric potential V (ZZ) or V (T +T ), and then add a small symmetry breaking term to the superpotential W .
In particular, one can keep the U (1) invariant function V = V 0 1 − c −2 ZZ 2 + C of the T-model, and generate the natural inflation potential by adding a small correction term A Z to the superpotential W = W 0 . Here C is an arbitrary constant that can be added to the potential without affecting its U (1) symmetry. Similarly, one may consider the U (1)
c 2 + C of the E-model, and generate the natural inflation potential by adding a small term A e −T to the superpotential.
We found that this method works well for α ≤ 1/3. However, if one considers α > 1/3, the potential at large ϕ becomes unbounded from below. Thus one may either use the methods developed in the main part of our paper, or try to improve these models using singular potentials discussed in Section 8 and in [24] , or consider the models with α ≤ 1/3. Note that the models with α = 1/3 studied in [1] have a very interesting interpretation in terms of M-theory and extended supergravity and provide specific targets for the search of B-modes, as emphasized in [9, 10] .
